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ABSTRACT

In this paper we study the Cauchy-Dirichlet problem for a modified non-autonomous
modified Navier-Stokes equation in a bounded domain. The existence and uniqueness
of a weak solution of the problem are proved by Galerkin method. We then show the
existence of a unique minimal D-pullback attractor for the process associated to the
problem with respect to a large class of non-autonomous forcing terms. Finally, when
the force is time-independent and ”small”, the existence, uniqueness and stability
of a stationary solution are also investigated.
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1. Introduction

One of the fundamental open problems for the Navier-Stokes equations in
three-dimensional space is that of the uniqueness of the solution of the
Cauchy-Dirichlet problem, which is not guaranteed in the functional classes in
which global existence holds. It is therefore natural to investigate whether it is
possible to modify the classical Navier-Stokes equations in a physically meaningful
way, so as to obtain some new equations for which the Cauchy-Dirichlet problem is
globally well-posed.

As we know, derivation of the classical Navier-Stokes equations from the general
equations of conservation of momentum is based on the assumption that the
component 7;; of the stress tensor 7' = {7;;} depends linearly on the component
1{8;u; + djui} of the deformation velocity tensor D, namely,

Tij = —pdij + % (Osu; + Ojui) ,

where p denotes the pressure of the fluid, u is a positive constant representing the
coefficient of kinematic viscosity.

A first interesting modification of this relationship is due to Ladyzhenskaya [7]
who supposes T' to be a continuous function of the components of D satisfying
some further conditions and losing its linear feature for large value of the gradient
of the velocity. The existence and long-time behaviour of solutions to this kind of
modified Navier-Stokes equations have been studied extensively in [6-9, 17].
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In the work [13], Prouse remarks that for every high velocity and turbulent flow,
there is no experimental evidence that the linear relationship between the stress
tensor 1" and the deformation velocity tensor D continues to hold; he assumes that
it holds when the velocity of the fluid is small and that it changes in a physically
significant way otherwise. More precisely, he assumes that the relationship between
the stress tensor T and the deformation velocity tensor D is given by

1
Tij = —pij + 5 (ai%' (u) + 05pi (u))7

where ¢ : RN — RY is function satisfying certain conditions below. If we introduce
this relationship into a general equations of the conservation of momentum, we get
another modified Navier-Stokes equations for incompressible fluid. The existence
and long-time behaviour of solutions of these modified Navier-Stokes equations
have been studied in [4, 5, 13, 14].

In this paper we consider the modified Navier-Stokes equations, proposed by
Prouse [13], for incompressible fluids subject to a non-autonomous external force f
in a bounded domain Q C RY (N > 2) with boundary 99 of class C**,

Oru — Ap(u) + (u-V)u+Vp—-V(V- o) =f v Qt>r,
V-u=0
u(z,t) =0, (z,t) € 0N x [1,+00)
u(z,7) =uo(z) z€Q,

where 7 € R; u = u(x,t) = (u1,...,un) is the unknown velocity vector, p = p(z, t)
is the unknown pressure, ug the initial velocity, other symbols satisfy the following
conditions:

(H1) ¢ :RY — R is defined by op(u) = o(|u|)u, with

a € C'([0,+00)),
o) >v>0ando'(£) >0 for all £ >0,
ag®t < o(€) < LT for all £ > &,

where a, 3, &0, s are positive constants and s > 1 (if N =2) or s > N +1 (if N > 3);
(H2) f € L} (R; V') satisfies that

0
/ 1| £(5)[[2rds < +oo,

—o0
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where V' is the dual of the space V defined in Section 2, A1 > 0 is the first eigenvalue of

operator A := —Ap in Q with the homogeneous Dirichlet condition.

The aim of this paper is to continue studying the long-time behaviour of weak
solutions to problem (1) under a more general class of time-dependent external
forces. We first prove the existence and uniqueness of weak solutions by using the
Galerkin method. To study the long-time behaviour of the solutions, we will use
the theory of D-pullback attractors that has been developed recently and has
shown to be very useful in the understanding of the dynamics of non-autonomous
dynamical system because it allows us to consider a larger class of
non-autonomous forces than the theory of uniform attractors does (see [1]). We
will show the existence of a D-pullback attractor for the process associated to the
problem. Furthermore, when the force is time-independent and ”small”, we prove
the existence, uniqueness and stability of a stationary solution. The obtained
results, in particular, extend and recover some known results in [4] and results for
2D classical Navier-Stokes equations in bounded domains [1, 15, 16] by taking
N=2s=1a=v,&=0.

Compared with the 2D Navier-Stokes equations, we here need treat the
nonlinear term —Awp(u), which is not monotone and makes the equation fully
nonlinear. Moreover, since we have no information about the sign of (Ap(u), Au),
to obtain estimates, we must choose as test function A~ u and this leads to a loss
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of regularity of solutions. This brings some additional difficulty in studying
equation (1).

The paper is organized as follows. In Section 2, we prove the existence and
uniqueness of weak solutions to problem (1). In Section 3, we prove the existence
of the D-pullback attractor. In the last section, under some additional conditions,
we prove the existence, uniqueness and stability of stationary solutions.

2. Existence and uniqueness of weak solutions

To set our problem in the abstract framework, we consider the following usual
abstract spaces

V= {ue Q)" : divu=0}.

Let H be the closure of V in L? with the norm |.|, and the inner product (.,.),
where for u,v € L2,

(u,v) = Z/Qui(x)vi(x)dﬂc,

V is the closure of V in H§ with norm ||.||, and associated scalar product ((.)),
where for u,v € H},

o Ou; Ov;
i,j=1 L

It follows that V C H = H' C V', where the injections are dense and compact.
Finally, we will use ||.||.« for the norm in V' and (.,.) for the duality pairing
between V and V.
Now we define the trilinear form b on V? by

N
b(u,v,w) = Z L’U;i%ﬂ)]‘dl‘, for all u,v,w € V.

ij=1

Set A:V — V' as (Au,v) = ((u,v)), B:V xV = V' as (B(u,v),w) = b(u,v,w).
Denoting D(A) = H? NV, then Au = —PAu, for all u € D(A) (where P is the
ortho-projector form L? onto H).

Lemma 2.0.1. [15] For all u,v,w € V, we have
b(u, v, w) = —b(u, w, v).
Hence
b(u,v,v) = 0.

Lemma 2.0.2. [5, Lemma 3.1] For alln > 2, let u,v € L™ and w € H. Then for all u > 0 there
exist constants A1(p) > 0, Az2(p) > 0 such that

|b(w, u, A w)| < plw]? + Ax () ull 22 w2,
and

[b(w, u, A w) + b(v, w, A w)| < plwl® + Aa(w) (Jull?A 32 + 10l E2) w3
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Lemma 2.0.3. For all u,v € L and w € H withs > 1 (if N=2) or s > N+ 1 (if N > 3). Then
for all > 0, there exists positive constants C1, Ca such that
[b(w, u, A w)| < plwl® + Crp ™ [lullf T w2, (3)
and
|b(w, u, A w) + b(v, w, A7 w)| < plwl® + Cop™ (Jullf T3 + Jolli550) w2 (4)

Proof. In the case N > 3 or N = 2 and s > 3 then, (3) and (4) follow from Lemma 2.0.2 with
! :Irf‘c_lljcase N =2 and s = 2, we have
[b(w, u, A )| < fwl[Julls A wlls
Bl + 5= sl Al .
Since V — ]L6, then there exists C3 > 0 such that

IA™ wlZs < CsllA™ w||* = Cs w2

Using Young’s inequality, we get

4 _

[ullga lwll2 < ellullfs + ﬁllwm < ellullfs + e ?|lw]3.
VCs||wl|?
Choose € = M, we get
wV AL
_ C
o, A7 )| < Gl + 52l ol
1 2 C? 3 2 IJ/\l 2
< Pl + S sl + E2
212\ 2

2 03j -2 3 2
< plwl® + = pm 7 lullZs flwll-
277

Lemma 2.0.4. [5, Lemma 3.2] Assume ¢ satisfies (2), then
(Ap(v),v) > v|v||®>  forallv eV,
and
(p(u) — p(v),u —v) > v|u—v|* for all u,v € H.
Lemma 2.0.5. Assume that o satisfies (2) then for all u € L°T, we have
(), ) = allullsH, — agst ol
Proof. Putting

QL ={zeQ:|ulx)] <&} and Qs ={z € Q: |u(z)| > &}
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First, from (2) we have

[ s = [ )+ / Jute)

<6 [ dor [ olu@Diuta) e

Q1

Hu(e)Pde

= S“\QllJré/Q o(Ju(z)))u(@).u(z)dx
_ ¢s+1 l u(x)).ulx)dx
e \QIHQ/QZ@( () u(z)d
s+1 l ulx)).ulx)ax
<6l 1 [ o) u@a
- g+1\9|+é(so(U)»U)-
ie.,

(p(u),u) 2 allull} T — a5 ™9

Lemma 2.0.6. Let u € L" NV and v € V. Then, for all n < r, we have
b, w,v)| < Calul™" ful =" o[l
Proof. We have,
[b(u, v, w)| < |uwl[|v].

By Hélder’s inequality,

n/r 1-n/r 1 _ 1 1
] < a7l ol (5 =5 1)

By Sobolev’s inequality, we have
ull s < Callul].
So, we get

b(u, v, w)| < Callul|™" [ul =" |[o]|[[w]|er-

Hence,
[b(u, w,v)| < Calul™" ful =" o[l

The lemma is proved.

Definition 2.1. A function u is called a weak solution of problem (1) on the interval (1,T) if

we LA(n,T; H) N L*(r, T; V)N L*°(r, T; H) N L* T (v, T; L),

%U(t) + Ap(u(t)) + B(u(t), u(t)) = f(t) in D' (1, +00; V'),
u(T) = uo.

249
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Theorem 2.1. Assume that uo € H, ¢ satisfies (H1) and f satisfies (H2). For any 7 € R, T > 7
given, problem (1) has a unique weak solution u on (1,T). Moreover, the following inequality holds,

—vAqt t

VA1

e

u(®)]* < e uol? + e () [2ds. (6)

— 00

Proof. (i) Ezistence. Let us consider {w;} C V, the orthonormal basis of H of all the eigenfunctions
of the Stokes problem in 2 with homogeneous Dirichlet conditions. The subspace of V' spanned by

w1, - , Wy will be denoted V;,,. Consider the projector P, : H — V,,, given by
Pphu= Z(u, w;)w,
=1
and define

um(t) = Z'Ymi(t)wiv

where

u™ e L2(T, T; V)N CO([T, T]; Vin),
d

27 (W™ (@), wi) + (Ap(u™ (1), wi) + b(um(t)?um(t),wi) = (f(?f),wd ()
in D'(1,T), 1<i<m,
u™ (1) = Pruo.

Using the Peano theorem, we get the local existence of u™ on (7,t*). We now establish some a prior:
t* =

estimates for u™. Because of following estimates, we can take T. We have
1d m 2 m m m m m m
S|t OF + (Ap(u™ (1)), ™ (6) + b(u™ (1), ™ (1), u™ (2)) = {f(t), ™ (1))

Using Lemma 2.0.4, Lemma 2.0.1, and Cauchy’s inequality, we get
d m 2 m 2 1 2
— < = .
@O F vl @O < ZIFOI

Integrating on [7,¢], 7 <t < T, we get

™ ()2 + v / ™ (3)/Pds < Ju™ ()2 + / 17 (s)|2ds
T T
2 1 2
< Juol” + ;HfHLQ(T,T;V/)'

We get three constants (independent of m) C5,Cs and Cr such that

T T
swp [ OF <Co [ @< Co [ @l <o (8)

te[r,T)

For the last estimate, we proceed as follows. In the case N = 2, inequality (8) follows from the facts
that V < L°T1. In the case N > 2, using Lemma 2.0.5, we have

(p(u™ (), u™ (1) > allu™ B[} — &g |-
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Moreover, using Lemma 2.0.3 with = § (6 > 0 will be chosen later), we get

b(u™,u™, A7 ™) < Slu™ [+ Cro w1 [[u™ 12
< ™ P 4 O T AT ™
< 8Cs + Cr6 ™ [[u™ [T AT Cs.

Now, we can choose § > 0 such that 01575)\1_105 = % to obtain

20b(u™ (1), u™ (8), A” ™ ()] < 2605 + allu™ (O)]7 44

From equation (7), we have

| s

lu™ @)1 + (o(u™ (0)), u™ () + (™ (1), u™ (8), A u™ (t)) = (f(£), A™ ™ (1)).

N | =
u

t
Integrating from 7 to T, we get
T T
™ ()2 + 2 / (p(u™ (£)), u™ (1)) dt + 2 / (™ (£), u™ (), A~ ™ (£))di
T 2 T 2 TT 2
< ™ ()2 + / 1£(0)12dt + / u™ (1) |2t

T

T
AT ()R 12 iy + AT / ™ (1) 2t
T

<A ol + (11172 vy + AT C5(T = 7).
On the other hand,

T

T
2 / (o(u™ (8)), ™ (1)) dt + 2 / b(u™ (£), w™ (1), A~ ™ (£))dt
T T T T
> 20 / ™ (6|54 dt — 2065 19)(T — 7) — 26C(T — 1) — a / ™ ()52, e
T
=a [ Ol (2a50] +2505) (7 - 7).

Hence,

T
a/ lu™ @I dt < A ol + 11122 ¢ ey + [2065 7119 + 2605 + A C5] (T — 7).

By condition (2), o € C* implies o is bounded on [0, &), i.e., o(&) < C, for all & € [0,&]. Thus,

141 1 1
Sh = [ttt [ jetuten e
s 1

Q2

le(wl

:/ o (Ju) )+ ¥ ()| = da + / o (lu(a))[ "+ u(a)] & da,
1251

Qo

where

QD ={zeQ:|u(z)] <&} and Q2 ={z € Q:|u(z)] > &}

251

(9)
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Therefore,
1+1 1+1 141 s—1y1+1 141
||‘P(“)HIL1+1 <& ; lo(Ju(@))[" > dx + ; (Blu(x)]"7) 77 |u(@)| "= dx
s 1 2

=& /Q o(lu(@)D]"* * dw + / (Blua)|)'** da
<&t [ lotuDiar s [ @)

Qo

1 1 1
<& | Gl rdet gt / ju(@)|+d
Q1 Qo
1+1 141 1
<& 0o |+ B ull s

So, we get

T m 1 1 1 1
/ﬁnwm It ds <@t et ol -+ pior = o (10)

. . . . . 1 1, _ 1
Finally, since A is a continuous linear operator from L**s = W%*5 into W=21%5 | therefore

T 1
m 141
[ e @I, ds < o 1)

Then, {u™} is bounded in L*(7,T; V)N L®(r,T; H) N L*1 (1, T; LT,
Therefore, we have

u™ —u weakly in L*(r,T; V),
u™ —u weakly in LT (r, T; L),
u™ —u weakly star in L*°(7,T; H),

p(u™) = x  weakly in L' (7, T LM 2),

up to a subsequence.
By rewriting the equation as

du™(t)
dt

= —Ap(u™ (1)) = Bu™ (t),u™ (1)) + (1), (12)

dt

in L' (7, T; (Wy*tt N V)). Indeed, from (11), we have Ap(u™) is bounded in Lis (r, T} WfQ’H%).
In the case N = 2, using Lemma 2.0.6 with » = N = 2, we have

we see that {dum } is bounded in L'*% (7, T; W72’1+%) + LS (1,T; V') 4+ L?(1,T; V"), and therefore

T

/ IIB(um(t%um(t))HfdtSCf/ lu™ ()11 [u™ (0) [ dt

T
=i [ O @R
2 2 2
< Cillu™ [zoo (rosmy 1w 12211
< CiC5Cs.

In the case, N > 2, using Lemma 2.0.6 with » = s + 1, we have

T 1 1 T _ s+1
m m 1+ 1+ m N, s+1-N m 22
/ 1B ™ (t), ™ ()| dt < / fam @1 [ =5 @) 7 d

T T
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Since s > N + 1, we have
m 2N m 2
[u™ @] = <1+ [lu™ @),

and

m 2(s+1) m s+l
||’LL (t)”]Lsfl S 1+ ||’LL (t)H]Ls—&-l?

so we get

s+1—

T m N N m 241
/ ™ @1 fu™ @)= [lu™ @) 2y dt
oy SN 1 [T m aN 1 [T m 2(s+1)
<l (3 [ 1 @1F a3 [ o5 )
S+1g_N 1 T m 2 1 T m s+1
<or T (@ [P [ @l

s+1—N

§C5 s ((T—T)+%Ca+%07)

1

This implies that B(u™,u™) is bounded in L'*= (7,T;V").
Notice that

VCcCHcC Wt nvy
is an evolution triplet, applying the Aubin-Lions lemma [10] we can assume that 4™ — u strongly in

L2(1,T; H). Hence u™ — u a.e. in Q x [r, T]. Since ¢ is continuous, it follows that ¢(u™) — p(u) a.e.
in Q x [r,T]. Since the weak limit is unique and thanks to Lemma 1.3 in [10, Chapter 1], one has

(™) = p(u), in L5 (7, T; LT 5).
Similarly,
Bw™,u™) — B(u,u), in L1+%(7‘, T V").
Now, we can take limits in (12) after integrating over the interval (7;7T), getting the result that u
is a solution to our problem (5).

(i) Uniqueness and continuous dependence. Assume that u = u(t; 7, uo0) and v = v(¢;T,vo) be the
weak solutions of (1). Set w = u — v, then

we L*(r,T; V)N LY (7, T; LN T?)

and w satisfies

@+ Alplw) — p(0)) + Blu,u) — B(v,v) =

which we rewrite, using the bilinearity of B,
B(u,u) — B(v,v) = B(u — v,u) + B(v,u — v) = B(w,u) + B(v,w)

as

d

Sw+ Alp(u) — o(v)) + Blw,u) + B(o,w) = 0.
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Take inner by A~ 'w and using Lemma 2.0.4, we get

1d 2 2 2 N+2 N+2 2
5z lwlZ + vl < vl + Ae(v) (T + 0I5 ) lwll,

whence

d
Sl < K@), (13)

where K (t) = 282(v) (lu(t) 1242, + [o(®) |52, ) € L} (7, T), and

t
lw(®)IF < [lw(m)ll2 +/ K(s)|lw(s)|2ds,
The Gronwall lemma implies now for any ¢ > 7

w(®)||? < [luo — vol/Zelr K. (14)

The last estimate implies that the solution is unique (if up = vo) and the continuous dependence of
solution.
i11) The a priori estimate (6). Multiplying (5) by v and integrating over €, we have

Ll + vlu()® < SIFIE.

Noting that ||u]® > Ai|u|?, we have

d
SO + )P < IO,

Applying the Gronwall lemma we get (6). Hence it follows that the solution u can be extended to the
whole interval [, +00). O

3. Existence of pullback attractors

For convenience of readers, we first recall some results on theory of pullback
attractors which we will use in the paper.

A process on X is a two parameters process on X denoted by U (¢, 7) which has
the following properties

U, )U(r,7)=U(t,7) for all t >r > 7,
U(r,7) =Id for all T € R.

The process {U(t,7)} is said to be norm-to-weak continuous if
Ult,T)xn = U(t,7)x, a8 Tn — x in X, forallt > 7, 7 € R.
Suppose that D is a nonempty class of parameterized sets
D ={D(t): t € R} C B(X).
Definition 3.1. The process {U(¢,7)} is said to be pullback D-asymptotically compact if for any
t €R, any D € D, and any sequence T, — —00, any sequence Tn € D(ry), the sequence {U(t, Tn)xn}

is relatively compact in X.

Definition 3.2. The family of bounded sets B e D is called pullback D-absorbing for the process
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U(t,7) if for any t € R, any D € D, there exists 7o = To(f), t) <t such that

U U(t,7)D(r) C B(t).

)
];;eﬁnition 3.3. A family A= {A(t) : t € R} C B(X) is said to be a pullback D-attractor for {U(t, )}
i
(1) 4(1&) 1s compact for all t € R;
(2) A is invariant, i.e.,
U(t,7)A(T) = A(t), for allt > T;

(8) A is pullback D-attracting, i.e.,

lim dist(U(t, 7)D(7), A(t)) = 0, for all D € D, and all t € R;

T——00

(4) If{C(t) : t € R} is another family of closed attracting sets then A(t) C C(t), for all t € R.

Theorem 3.1. [11] Let {U(t,7)} be a norm-to-weak continuous process such that {U(t,7)} is pullback
D-asymptotically compact. If there exists a family of pullback D-absorbing sets B = {B(t) : t € R} € D,
then {U(t,7)} has a unique pullback D-attractor A = {A(t) : t € R} and

Al =N JUuEnB).

s<tT<s

Due to the results of Theorem 2.1, we can define a two parameters process
U(t,7) in H by

U(t, 7)uo = u(t; T, u0), T <t,up € H,

where u(t) = u(t; 7,uo) is the unique solution of (1) with u(7) = uo.
We first prove the weak continuity of the process.

Lemma 3.1.1. Let {uo,, } be a sequence in H converging weakly in H to an element uo € H. Then

U(t,T)ug,, = U(t, T)uo  weakly in H,  for all T <t, (15)

U(t,7)uo, — U(t,7)uo  weakly in L*(7,T;V),  for all T < T. (16)
Proof. Let u,(t) = U(t, T)uo, and u(t) = U(t, 7)uo, we have, for all T' > 7,
{u,} is bounded in W = L™ (7, T; H) N L* (7, T; V) N LT (r, T; L°1), (17)
and
{ur} is bounded in W* = Ll+%(T, T; (W2 nv)).

Then, forallve V,and 1 <t <t+a<T withT > T,

t+a
(un(t +a) —un(t),v) = / (un(s), v)ds < olla? [lulw+ < Crllv]a?, (18)
t
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where Cr is positive, independent of n. Then, for v = un,(t+a) — un(t), which belongs to V' for almost
every t, we have from (18)

Jun(t + @) = un()* < Cra? fun(t + a) — un (B)|l

Hence

T—a

T—a
/ [t (t + a) — un (t)|*ds < C’Ta% / lun(t 4+ a) — un(t)]||dt. (19)
Using Cauchy-Schwarz’s inequality and (17), we have from (19)
T—a . 1
/ [n (t + @) — un(t)|?dt < Cra?,
for another positive constant Cr independent of n. Therefore

T—a
timysp [ (e +0) = w012 o, e = 0. (20)

for all » > 0, where Q, = {& € Q : |z| < r}. Moreover, from (17), {un|q,} is bounded in

Lo (1, T; L2 () N LA(r, T; Y () N L¥H (7, T; L5 (Q,.)) for all » > 0. Consider now a trunca-

tion function p € C*(R") with p(s) = 1, in [0,1] and p(s) = 0,in [2,+00). For each r > 0, define
L

Un,r(T) = p( 2 ) un(z) for € Qa,. Then, from (20), we have

T—a
. 2 —
il{&)szp/T lun(t + a) — un(t)lli2(q,, dt =0, VI >, ¥r>0.

Hence {vn,} is bounded in L (7, T;1L2(Q2,)) N L*(1, T; H(Q2r)) N LT (7, T; LT (Qa,)), for all
T > 7, r > 0. Thus, by a compactness theorem with X = L*(Q2.), ¥ = H(Q2)
and p = 2, {vn,} is relatively compact in L*(7,T;L?(Qs,.), VT > 7, r > 0. It follows that
{unla,.} is relatively compact in L?(7, T;L?(Q2,.), VT > 7, r > 0. Then, by a diagonal process,
we can extract a subsequence {u,} such that

Uy — U weak-* in Lo, (R, H),
weakly in LZQOC(R; Vin LS+I(R; Ls-H)y

loc

strongly in L},.(R,L*(,)), r >0, (21)
for some

U € Lise(R, H) O Lioe(R, V) N Lige (R, L), (22)
The convergence (22) allows us to pass to the limit in the equation for w,s to find that w is a
solution of (1) with @(7) = uo. By the uniqueness of the solutions we must have & = u. Then by a
contradiction argument we deduce that the whole sequence {u,} converges to u in the sense of (22).
This proves (16).
Now, from the strong convergence in (21) we also have that u, (t) converges strongly in L*(Q,) to
u(t) for a.e. t > 7 and all r > 0. Hence for all v € V,

(un(t),v) = (u(t),v) for a.e. t € R.

Moveover, from (19) and (20), we see that {(u,(t),v)} is equibounded and equicontinuous on [r,T7,
for all T' > 0. Therefore,

(un(t),v) = (u(t),v), VteR, Yv e V.
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Finally, (15) is followed by the fact that V is dense in H. O

From now on, we denote
g = I/)\1.
Let R be the set of all functions r : R — (0, +00) such that

lim e”*7%(t) =0, (23)

t——o0

and denote by D the class of all families D = {D(t) : t € R} C B(H) such that
D(t) C B(0,7(t)), for some #(t) € R, where B(0,r) denotes the close ball in H,
centered at zero with radius r.

Now, we are in a position to prove the main result of the paper.

Theorem 3.2. Suppose that conditions (H1)—(H2) hold. Then, there ezists a unique minimal pullback
D-attractor for the process U(t,T).

Proof. Let 7 € R and uog € H be fixed, and denote
u(t) = u(t; 7, u0) = U(t, T)uo, for all t > 7.

Let D € D be given. From (6), we have

—ot t
Ut rwl < i+ E 5 [ e as, (24)

—o0

for all ug € D(7), and all ¢ > 7.
Denote Rs(t) € Rs by

26—0’t t os
R2(t) = / e 1£(s) 2 ds,

and consider the family B, of closed balls in H defined by B, (t) = B(0, R, (t)). It is straightforward
to check that B, € D, and moreover, by (23) and (24), the family B, is pullback D-absorbing for the
process U.

According to Theorem 3.1, to finish the proof of the theorem we only have to prove that U is
pullback D-asymptotically compact.

Let D € D, a sequence T, — —00, a Sequence un, € D(7,) and ¢t € R, be fixed. We must prove
that from the sequence {U (¢, T )un, } we can extract a subsequence that converges in H.

As the family B, is pullback D-absorbing, for each integer k > 0, there exists a 7p(k) <t — k such
that
U(t —k,7)D(1) C Bs(t — k) for all 7 < 75(k), (25)
so that for 7, < 7p(k),

U(t — k, 7n)uo, C Bo(t— k).

Thus, {U(t — k, Tn)uo,, } is weakly precompact in H and since B, (¢t — k) is closed and convex, the
existence of a subsequence {(7,/,uo,_,)} C {(7n,u0,)}, and a sequence {wy : k > 0} C H, such that
for all K > 0, wix € Bo(t — k) and

Ut =k, Tnr)uo,, — wi weakly in H, (26)
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Note then by the weak continuity of U (¢, 7) established in Lemma 3.1.1 that
wo = lim U(t, Tn/)UO ;) = lim U(t,t - k)U(t - k,Tn/)uO /
n’%oon " n’~>oon n
ZU(t,tfk) lim U(tfk,Tn/)uO , :U(t,tfk)wk,
n’ﬁoon "
where limg,, denotes the limit taken in the weak topology of H. Thus
U(t,t — k)wr = wo, forall k> 0. (27)

Now, from (26), by the lower semi-continuity of the norm,

|wo| < liminf |U(¢, 7,/ )uo_, |-
n’/ —oco n

If we now prove that also

lim sup ‘U(tv Tn’)u()n/ | < |w0‘7 (28)
n’/—oo
then we will have
}im |U(t77-n’)u0"/| = |w0‘7
n’'—oo

and this, together with the weak convergence, will imply the strong convergence in H of U (¢, Tn/)uon/
to wo.

In order to prove (28), define [.,.] : V x V — R by
A1
[u,v] = v((u,v)) — V?(u,v), Yu,v € V. (29)
Clearly, [.,.] is bilinear and symmetric. Moreover, from the fact that ||u|* > A1 |u|?,

At
2

2 v 2 v 2
> vifull® = 2l = 2 lul®.

[ul® = u,ul = vul]® - v 5 |uf?

Hence

Slull® < [l < vlul?®,  vaev. (30)
Thus, [.,.] defines an inner product in V' with norm [.] = [, ]%, which is equivalent to the norm ||.|| in
V.

Now, from equation (5), Lemmas 2.0.1 and 2.0.4, we get

L@l +2 (O + ZIuo)?) < 270), u(t).

Multiplying by e’ then integrating from 7 to ¢, we get

W@FSW$6”“”+2/(U@m@»—M®ﬁd&
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which can be written as
U (¢, T)uol® < Juol*e” ™"
t
w2 [ ((f(5), Vs yuo) — [U(s, 7)) ds,
for all 7 < ¢, and all up € H. Thus, for all K > 0 and all 7,,, <t —k,

|U(ta Tn’)u()n/ |2 = |U(t7 t— k)U(t —k, Tn’)u()n/ |2

<e MUt -k, T )uo,,|”

t
+ 2/ eI (f(5), Us, t — k)U(t =k, 7 )uo,, )ds
t—k

t
= 2/ " CTOU(s,t — k)U(t — k, T )uo, ] ds.
t—k

As by (25),
U(t —k,Tw)uo,, € Bo(t — k), for all 7,y < 7p(k), k>0,
we have

limsup e “*|U(t — k, T/ )0, > <e *Ri(t—k), k>0.

n/— oo
As U(t — k, Tpr)uo_, — wy weakly in H, from Lemma 3.1.1 we have
Ut =k)U(t —k, T )uo, , = U(.,t — k)wg,

weakly in L?(t — k,t; V).
Taking into account that, in particular, =% f(s) € L2(t — k, t; V'), we obtain from (34),

t
lim e (f(5), Us, t — K)U(t — k, 7 uo,, )ds

n/—oo Ji_p

t
_ / "D (£ (s), U(s, t — k)w)ds.
t—k
Moreover, since [.] is a norm in V equivalent to ||.|| and

0< 670]6 S eo‘(S*t) S ]_7 for all s S [t - k7t]7

we see that

is a norm in L?(t — k,t; V) equivalent to the usual norm. Hence from (34) we deduce that

¢
/ e"CTOU (s, t — k)wi)ds
t—k

t

<liminf [ " O[U(s,t — k)U(t — k, 7o )uo,, | ds.

n’—oo Ji_ g
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(31)

(33)

(34)

(35)
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Hence
t
lim sup —2/ e”(s_t)[U(s, t—k)U(t—k, Tn/)uon,]gds
n/— oo t—k

t
= —lim inf2/ "CTIU (s, t — k)U(t — k, Tn/)uon,}st
t—k

n!/—oo

IN

t
—2/ e”CTIU (s, t — k)wi)?ds. (36)
t—k

We can now pass to the limsup as n’ goes to infinity in (32), taking (33), (35) and (36) into account
to obtain

limsup |U(t, 7,/ )uo, , |2
n’/ —oo "

<e “FRZ(t—k)

+ 2 \/tik @a(sft) (<f(3), U(S,t — k)wk> — [U(S,t _ k:)wkf) ds. (37)

On the other hand, we obtain from (31) applied to (27) that

lwo| = U (¢, t — k)ws|®

_ 2 —ok
= |wk|e

2 [ (16, Ul = Run) — U st = Ry ds. (38)

From (37) and (38), we have

limsup |U(t, 7,/ )uo,, 1> < e FR2(t — k) + |wo|® — |wi|?e”*

n’/ —oco

<e ""RI(t —k) + |wol?,

and thus, taking into account that

26701 t—k
TR - ) = 2 / "1 £(s)|2ds — 0,
when k — 400, we easily obtain (28) from the last inequality. O

Remark 3.1. Because of the tempered condition in the definition of D, as a corollary of the results
in the paper [12], one may establish the existence of a global pullback attractor for a different universe,
that of fixed bounded set of H; this attractor is a subset of the attractor obtained in Theorem 3.2.

4. Stability of stationary solutions

Let us consider the equation

% + Ap(u) + Blu,u) = (39)

with f € V’ independent of t. A stationary solution to (39) is u € VN L' such
that

(Ap(u) + B(u,u),v) = (f,v), Vt>0, YveV. (40)
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In this section, we assume that

(41)

o[ N+1, ifN>3
529 2 if N =2.

Lemma 4.0.1. Assume u(t) be the unique solution of (5) with 7 =0 and f(t) = f, for allt > 0 and
s as in (41), there exists p, > 0 and § > 0 such that

||UHQLOO(R+;H) < pu, (42)

k s+1 Cip\ T [1, o s+1 Pu
| lu()s41dy < W Sluols + (g™ |2 + dpu + (£« SR (43)

Proof. Multiplying (5) by u(t) and integrating over 2, we have

d 2 2 1 2
= <= )
Clu@F + vl < LIfI2

Noting that ||ul® > Ai|u|?, we have

d 2 2 1 2

o) +vxalu) < 2
We have

i(eu)\lt|u(t)|2) < Hf”zeu)\lt

dt - v ’

Integrating from 0 to ¢, we get

[EilE
V2 )\ (

(@) < e uof® +

—e M), (44)

We obtain the estimate

: . IS
e < e = (ol W12 ).

Arguing as we did for the inequality (9), we obtain

t 1 1 t t
s+1 2 s+1
o u irdy < —|uoly + —/ «lu(y)|d +/ leY Qld
/0 I (y)H]L +14Y 2| ol ~ o £ 11| (y) | dy ) & Qldy

t C s
[ (3R + e ) d
0 1

1 2 s+1 Pu Clpu /t s+1
< = Q u A )
< ol + (a5t 100+ 5o+ 15122 ) e S22¢ [ putu) it

hence, the result. O

From (44), we immediately infer

: Ilf1]
lim sup |u(t)]| < =p.
H+oc)pl A< v

(45)

Note that p, = p? if |uo| < p.
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4.1. Existence and uniqueness of stationary solutions

Theorem 4.1. Suppose that ¢ satisfies conditions (H1) with s as in (41). Then we have the following
(1) For all f € V', there exists a stationary solution to (39).

1

2\ s
2) If u be a solution of (39), let p as in (45), and let § > Cup . Then
( ) J p ) ol

Oé)\1
lul <p,  lull < VAp
Cip®\ 11
sHo< _ P SO+ 6p° o).
||UH]L5+1 S|\ o )\165 Qgo ‘ |+ P+ \/x P
(3) There exists C1,C2 > 0 such that, if
1 2542
s s s QCl)gp i ||f||*
anr® T > 2730, [ags Q| + ( + .p (46)
’ (a)\l)% VA1
then the stationary solution to (39) is unique.
Proof. (1) Consider w1, -+ ,Wm,--- of elements of V NIL**! which is the orthonormal of H. For each

fixed integer m > 1, we would like to define an approximate solution of (39) by

u™ = &mwi, Lim €R, (47)
=1
<Aw(um)7wk>+b(um7umawk) = <f7wk>a k= 17 , M. (48)
The equations (47)-(48) are a system of nonlinear equations for &1,m, - ,&m,m, and the existence of
a solution of this system is not obvious. Consider X be the space spanned by wi,- -+ , wm; the scalar

product on X is the scalar product ((.)) induced by V, and P = P,, is defined by
[Prn(u), v] = ((Pm(u),v)) = (Ap(u),v) + b(u,u,v) — (f,v),  Vu,veX.

The continuity of the mapping P,, is obvious.

[Pm(u)vu] = <A90(u)7 U’> + b(u7 u, u) - <f7 u>
> vllul® = (f,u)
> vl = || £« [l

[P (w), u] = [Jull(vl[ull = [[f]])-

It follows that [P (u),u] > O for ||u|| = k, and k large enough; more precisely, k > HfH* Using
v
Lemma 1.4 in [15, page 152] we get a solution u™ of (47)-(48).
We multiply (48) by &k,m and add the corresponding equalities for k = 1,--- ,m; this gives
(Apu™),u™) +b(u™, u™,u™) = (f,u™)
or, using Lemmas 2.0.1 and 2.0.4,
vlla™1* < (fu™) < ™)
We obtain the a priori estimate:
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Since V — H, we have

m 1 m CIO
u < u < .
" < o=l <

We get a constant (independent of m) Cq1 such that
[u™ ;41 < O
Indeed, using Lemma 2.0.5, we get
(™), u™) > allu™ |1, — a5 Q.

Moreover, using Lemma 2.0.3 with u = 9§, we get

ol ™, A7 )] < 8™

From equation (48), we have

Hence,

c
ol < agi el + ol + on e e + L,
1

108 \/7

Take account (50) into, we get

2\ —1 2
it < (o= G ) (gt + oS0 4 G0 ),

A%(Sg A1
C1Cy
Therefore, (51) follow from the fact that we can choose § such that o — o: 0.
1
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By condition (2), o € C* implies o is bounded on [0, &), i.e., o(&) < Cy for all £ € [0,&o]. Thus,

H%’(U)H;f% :/91 |<P(u(x))|1+§dx+/ |g0(u(ag))\1+§dm

Q2
1+1 1 s\1+1
<& / IG(IU(w)\)Il+Sd“7+/ (Blu(z)[*)' "+ da
21 Q9
1 1
<a [ st [ @)t
Q21 Q2
1+1 14l 141 1+s
<& 0o C Q|+ 877 |lulliy s,
where

Q1 ={ze€Q:|u@)| <&} and Qo ={z € Q:|u(z)| > &}

So, we get

ma 1 1 1401 441 1
(™)'=, <et ot ||+ 8 F O = Cus.

1
Lits
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Finally, using Lemma 2.0.6 with r = s+ 1 > N, we have

sH1-N _s+1—
IBG™, w™)lle < Callu™ |35 ™ 5 ™ e < Cad; 2““)0 WO = O

Therefore, we have

u™ — u, weakly in V|
u™ =, weakly in L5t
™) = x, weakly in ]LH'%,

B(u™,u™) — ¢, weakly in V’,

up to a subsequence.
Notice that

VCcCHC W nvy

is an evolution triplet, applying the Compactness Lemma [10] we can assume that «™ — wu strongly
in H. Hence u™ — w a.e. in X [, T]. Since ¢ is continuous, it follows that ¢(u™) — ¢(u) a.e. in
Q x [r,T]. Since weak limit is unique and thanks to Lemma 1.3 in [10, Chapter 1], one has

p(u™) = p(u), in L%
Similarly,
B@™,u™) — B(u,u), in V'

Now, we can pass to the limit in (48) with the subsequence, we find that

(Ap(u),v) + b(u,u,v) = (f,v) (53)
for any v = w1, ,Wm, . Equation (53) is also true for any v which is linear combination of
Wi, ,Wm, . Since these combinations are dense in V', continuity argument shows finally that (53)

holds for each v € V and that is a solution of equation (39).

(2) Arguing as we did for the inequalities (49), (50) and (51), we have the result.

(3) Now let u; and uz be two different solutions of (46) and let u = u; — ua. We substract the
equation (46) corresponding to ui and uz and obtain

(Ap(u1) — Ap(uz),v) + b(u1, u,v) + b(u,u2,v) =0, YveV. (54)

We take v = A~ u in (54) and using Lemma 2.0.5 with pu = 2, we get
14 v\ S s
vlul < Sl +Co (5) 7 (luallgf + luallfE) ull,

whence

2Cy v\ —s
vl < 52 (5) (lnlZE + JuslZEd) fuf?

4Cy fv\—3 Clp2 -t s+1 ||f“ 2

<7 — J— .

=N (2) (O‘ /\155) 9]+ 00 + V)
2C1p2

1
Choose 6 = < ) , we get
0()\1

s+2
u\u|2 < 270 Cs 2
DNEZ e

acitii) 4 CONT T 1.
o+ (t)z>\1)i \/7 p| ful”
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Because (46) this inequality implies |u| = 0, which means u; = us. O

Remark 4.1. Temam [15, Theorem 1.3, page 145] has proved that if v*> > C||f||. then problem
—vAu+ B(u,u) = f

(39) have a unique solution.

Noting that, this is our problem in the case N =2, s =1, a = v, & = 0. Then (46) can rewrite
that

9143 9 4 2 . 3
3y 270 [2G1IfIk L S| S el

A1 VA1 V4>\§ v | T v3
This tmplies that

V2> Ol

4.2. FExponential convergence of solutions

Lemma 4.1.1. Assume that |uo| < 2p (p as in (45)). If v is sufficiently large or f sufficiently small
so that

1 2542
s s s ZCl)gp i Hf“*
av™T > 220, |ags Q| + ( + ol - (55)
’ (ah)* Var

Then there is a unique stationary solution us of (39) and every solution u(t) of problem (5) (with
initial data uo and f(t) = f) converges to us exponentially fast as t — +o0o. More precisely, we have

lim [Ju(t) — uso|l« = 0.

t—+o00
Proof. We set w(t) = u(t) — uso, and observe that

%w(t) + Ap(u(t)) — Ap(uos) + B(u(t), u(t)) — B(too, Uso) = 0.

Take inner product by A~ w(t), we get

%Ilw(t)llf + ((u(t) = @(use), w(t)) < [b(ult), w(t), A~ w(t)) + b(w(t), uso, A~ w(1))].

N | =

Using Lemma 2.0.4, we have
2(p(u(t)) — (use), w(t)) 2 2vw()|* = 2hlw(?)]3.
Using Lemma 2.0.5, we have
[b(u(t), w(t), A w(t)) + b(w(t), ue, A~ w(t))]
< L) +C2 (2) 7 (@l + lusoli i) ()2

Hence,

< 20 (Ju®) 55 + fuse 5T — v (56)
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Integrating (56) from 0 to ¢, and using Lemma 4.0.1, Theorem 4.1, we obtain

2
log HH (3||l < Cist + Chs.

Therefore
w(®)Z < 16 [Jwo|2e“1>, (57)

where

Q
I

2

25+, CIP2 -t 41 ||f“
— MY .
C1s == (O‘ ms) ( [+ 00"+ 5 ") =

=

2
Choose ¢ = <2€1p ) , we get
Oé)\l

s+1
Cis < 2 ys02§ [aégﬂm + (201)

Because (55), we have C15 < 0, and letting ¢ — +o0 in (58) we have

Jmlu(t) = ool = 0.

O

Theorem 4.2. Assume that ug € H, p as in (45). If v is sufficiently large or f sufficiently small so
that

1 2542
s

’;; +|bfl\LI.p . (58)

&Allls-'—l > 2s+202 S+1‘Q| + (201)

Then there is a unique stationary solution ue of (39) and every solution u(t) of problem (5) (with
initial data uo and f(t) = f) converges to us exponentially fast as t — +o00. More precisely, we have

Jlim_u(t) = ool = 0.

Proof. From (45) we infer that there exists ¢ > 0 such that |u(t)| < 2p for all ¢ > ¢. Now, consider
vo = u(t) and let v(¢) be the unique solution of (5) with initial data vg. Therefore

Jim fJu(t) — ool = lim _lu(t) — ue |l =0

and the result follows. O

Remark 4.2. In the case, N = 2, s = 1, proceding as in Theorem 1.8 of [15], the results of Theo-
rems 4.1 and 4.2 still hold.

Remark 4.3. This result covers Gazzola’s result in [4] for the case & =0, N = 3, s = 4. Indeed, the
condition (58) in the special case C1 = 512 and Ca = 4 becomes

256 2 [ /32p »
Ay > —— | —— pl.
YT e [Yan” Tt
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Clearly, this inequality is better than Gazzola’s in [4, Theorem 6.2]. He required that cs < 0, i.e.,

5
P [(9||f||*> L2 (Fzzp 7y 2||f||*p>] |

14 « \4/ all VA1

where 0 = 0(Q) is the constant of the embedding V — LP.
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